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Abstract

Wireless sensor networks and Internet of Things devices require autonomous power sources to replace traditional
batteries. Piezoelectric energy harvesting presents a viable method by transforming surrounding mechanical vibrations
into electrical power. However, basic uncoupled models frequently do not successfully forecast actual behavior. This
paper presents a comprehensive computational study of a base-excited piezoelectric cantilever beam using a coupled
electromechanical model. By combining the mechanical domain (Spring-Mass-Damper system) with the electrical
domain through an electromechanical coupling coefficient, the simulation effectively models the two-way energy
transfer. The system is numerically solved utilizing the SciPy library in Python. The research conducts three essential
evaluations: transient time-domain response, load resistance optimization for impedance alignment, and frequency
response examination. Findings reveal that optimal power is obtained when the electrical load aligns with the internal
impedance of the piezo-element, yielding 70.89 uW at the resonant frequency of 63.6 Hz for the linear model. In contrast,
the nonlinear bistable harvester demonstrated superior performance, achieving 4.0 mW at a low frequency of 0.8 Hz and
a bandwidth broadening of 170%, validating the efficacy of the Snap-Through Buckling mechanism for low-frequency
environments. The results offer a strong open-source structure for creating effective vibration energy harvesters.

Categories: Renewable Energy Systems, Mechatronics and Robotics, Embedded Systems and loT
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Introduction

The new age of a "trillion sensors" brings about a demand for decentralized, autonomous, and self-powered ideas for
next-generation infrastructure. Wireless sensor networks and Internet of Things (IoT) devices are rapidly being used in
places where they are hard to access, such as embedded biomedical implants and remote industrial sites. In such places,
it is not only difficult but also very expensive to bring power through wires or to change batteries manually. Therefore,
the lifespan of these nodes is mainly determined by the battery capacity, which poses a major challenge to the growth of
loT ecosystems [1].

Piezoelectric energy harvesting (PEH) is currently considered one of the most exciting energy transduction mechanisms
since it has a high power density and is compatible with Micro-Electro-Mechanical Systems technology. Utilizing the
direct piezoelectric effect allows the transformation of mechanical vibrations from the environment into electrical energy,
which could theoretically lead to unlimited operation of energy-efficient nodes. However, in spite of such benefits, PEH
cannot be dependably implemented because of the difference between the very narrow resonant frequency of linear
harvesters and the broadband, low-frequency (often <10 Hz) character of ambient excitations in civil infrastructure (e.g.,
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bridges) and human motion [2]. In addition, the use of uncoupled or oversimplified linear models is one of the major
reasons why the prediction accuracy of PEH devices has been reduced. Standard methods that separate the mechanical
and electrical parts and do not consider their mutual interaction (back-action) have led to errors in impedance matching
and power estimations, as the bidirectional feedback nature of the electromechanical system is not properly represented
[31.

However, to overcome these drawbacks, the latest publications have mainly focused on:

Nonlinear Mechanisms: By introducing geometrical nonlinearities or using bistable potentials (e.g., Snap-Through
Buckling [STB]), the device operation is not limited to a narrow frequency band, and frequency up-conversion can be
achieved.

Data-Driven Modeling: Application of scientific machine learning and Physics-Informed Neural Networks (PINNs) for
tackling challenging inverse problems and simultaneously optimizing system parameters under stochastic loading
conditions [4]. We combine nonlinear mechanics with the latest data-driven optimizer in this paper.

The scientific novelty of this work lies in the integration of a coupled electromechanical ordinary differential equation
(ODE) framework with both nonlinear STB dynamics and PINNs into a unified computational pipeline. Unlike previous
studies that treat these components in isolation, our framework enables the simultaneous optimization of power output
and the identification of unknown system parameters (such as damping and coupling coefficients) from noisy vibration
data. This provides a robust "digital twin" capability for energy harvesters operating in unpredictable, low-frequency loT
environments.

Literature review

Basic PEH Systems and Their Constraints

One of the very first experiments conducted by Roundy et al. [2] established the basic principles of energy harvesting
from vibrations using piezoelectric cantilevers, which could potentially generate enough power for wireless sensor
nodes. The primary focus of these groundbreaking works was on linear resonant systems. These systems exhibit high
efficiency only when they are used within a very narrow frequency band around their natural frequency. Linear models,
however, even though they are limited in performance prediction when conditions vary, easily become inaccurate if the
electromechanical feedback coupling is ignored [1]. The challenge of narrow bandwidth has stimulated a series of
investigations related to the use of different mechanical frameworks. To this end, Zhao et al. [3] suggested that harvesters
based on graded metamaterials could take advantage of "rainbow trapping" effects to isolate vibration energy within the
widest possible frequency range. However, such solutions are frequently associated with a very complicated fabrication
process. As a result, nonlinear mechanisms have become more popular as they are capable of broadening the bandwidth
without the need for complicated geometrical grading.

Nonlinear and Bistable Harvesting Strategies

Nonlinear dynamics provide a very powerful mechanism to break the frequency constraints of linear energy harvesters.
Linear harvesters with passive nonlinearities such as mid-plane geometric stretching in the case of Duffing oscillators,
magnetic levitation, or STB can exhibit frequency hardening/softening behavior and inter-well oscillations [5].

Speciale et al. [5] have experimentally verified that STB mechanisms can substantially increase the frequency range over
which the device is useful. The STB mechanism is a bistable system in which the beam has two stable equilibrium
positions. If the beam receives enough energy, it will "snap" between the two states, thus creating very high-velocity
transients and large voltage outputs. Consequently, this work shows that piezoelectric harvesters based on the STB
mechanism are well suited to harvesting energy from low-frequency, high-amplitude excitations found in human motion
(e.g., shoe-mounted energy harvesters) [6].

An exact solution for the nonlinear cantilever system was provided by Olejnik et al. [7], who thereby brought analytical
precision to the design of these systems. However, dual-source PE and electromagnetic approaches that combine two
transduction methods have been investigated to enhance the power density of the device, at the cost of increased
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complexity in impedance matching [6].
Computational Advances: PINNs

The single most important breakthrough in computational modeling recently is the use of PINNs. Bai et al. [4] pointed out
that PINNs could potentially be used for tackling inverse problems in solid mechanics. Unlike conventional data-driven
neural networks, PINNs incorporate the governing physics (partial differential equations) directly into the loss function,
thus generating physically consistent predictions even with limited data. In a way, this is extremely satisfactory for SHM,
where experimental data is usually noisy and incomplete. The combination of PINNs with nonlinear PEH dynamics is a
significant gap that this paper is trying to fill.

Materials And Methods
Electromechanical simulation structure
Baseline Model of Linear Coupled ODE

The system can be modeled as a single-degree-of-freedom base-excitation system, which is connected to an electrical RC
circuit. Equations describing a linear system are given as follows:

Mechanical Field:

m& + ¢t + kx + 0V = —mij(t) (1)
Electrical Sector:
. |4 dz
— 19— = 2
GV + = +04 =0 2)

Here:

- m is the effective mass.

- ¢is the mechanical damping coefficient.

- kis a measure of rigidity.

- @is the electromechanical coupling coefficient.
- V represents the generated voltage.

- Ry is the load resistance.

This mathematical model is taken as the baseline for the calculation of resonant frequency along with the optimal value
of load impedance.

Nonlinear Expansion: Mid-Plane Elongation and STB

To extend the operational frequencies and optimize efficiency at lower frequencies, geometric nonlinearities (mid-plane
stretching effects) and STB effects are considered. By single-mode Galerkin reduction, the resulting scale-less nonlinear
equation governing v(7), which is the modal amplitude, is given by:

B+ o010 + 020 + o390 + 04?5 — XV =0 (3)

The expression aav® captures the dominant cubic nonlinear term (of Duffing type) arising due to mid-plane stretching.
The STB mechanism involves a bistable potential. With an appropriate amount of external energy, the system experiences
a "snap-through,” enabling fast transitions from one well to another and thereby increasing the voltage output.

For easier understanding, the nonlinear governing equation is written in the normalized form, whereas the ensuing
energy analysis will employ dimensional variables.

Bistable Duffing Potential
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The bistable motion of the STB mechanism can be modeled with a Duffing-type potential as follows:
1 1
Uw) = —Eavz + 1 pot 4)

where:
- a > O represents negative linear stiffness.
- B > 0O indicates positive cubic stiffness.

This function results in two stable equilibrium points or wells with an unstable equilibrium point at the origin in between.

When the system is subjected to external excitation, it can cross the barrier and allow the efficiency of energy harvesting
to undergo a snap-through phenomenon.

Mathematical Proof of Bistability

Consider the Duffing-type bistable potential

mmz—%&+§w. (5)

The equilibrium points for the Duffing-type potential are given by

dUu
— = —av+ fv® =v(Bfv® —a)=0. (6)
dv
Thus, the stationary points are
a
v=0 v==+ E
The stability of these equilibria is determined by the second derivative
d’U 9
— = —a+ 36v°. 7
) B (7)
Atv =0, ”527[2] = —a < 0, indicating an unstable equilibrium.

Atv = £+/a/B, ‘fT’{ = 2a > 0, verifying two stable minima.
Therefore, the system has a bistable potential energy landscape.
Snap-Through Energy Criterion

The total mechanical energy of the nonlinear oscillator is

E@:%M+ww (8)

The energy barrier separating the two stable wells is

AU = U(0) — U(\/%) = Z—;. (9)

For harmonic base excitation y,(t) = Y sin(€t), the leading-order input energy per cycle scales as

mY2Q?

Ei.nput ~ 2

(10)
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Snap-through phenomenon can be expected to happen if the energy supplied is above that of the potential barrier,
resulting in a sufficient condition of

202 2
—m};Q > Z—ﬂ (11)

which defines tolerated levels on inter-well transitions. This criterion gives a conservative estimate of the snap-through
phenomenon, since the effects of damping and transient responses are neglected.

Computational implementation

Python/SciPy Solver

The baseline transient and frequency response analyses were done using scipy.integrate.solve_ivp. This solver

method uses the Runge-Kutta method (RK45), which is suitable for solving stiff nonlinear problems. The state vector is
defined as

and the derivatives are calculated for the linear and nonlinear (bistable) cases.

mi(t) + cx(t) + kz(t) + 0V (t) = F(t). (A)
) V(t) )
C,V(t) + R, + 0z(t) = 0. (B)

(&(t) = 2(2),

J &) = % (F(t) — ci(t) — ka(t) — 0V(t)), (C)

V(0= —Cip (%? +03(2)).
R(t;¢,0) = m& + c& + kx + 0V + mi(t). (D)

The simulation parameters used for the baseline and nonlinear models are summarized in Table 7.
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Parameter Symbol Value
Effective Mass m 0.001 kg
Linear Stiffness k 160.0 N/m
Damping Coefficient c 0.00126 Ns/m
Coupling Coefficient 0 13x10°6 NNV
Piezo-Capacitance Cp 10x10°F
Load Resistance R 1.0 MQ
Excitation Amplitude A 1.0 m/s2
Solver Tolerance Tol 1% 1078
Sampling Frequency i 10 kHz

TABLE 1: System Simulation Parameters

PINN Optimization

In inverse problems, such as the estimation of the damping ratio ({) and the value of the flexoelectric coefficient, for
example, we use the residual PINN [4].

Ligtar = Lphysics + Lgata + Lic/bc (12)

where:

- Lphysics enforces that the solution satisfies the set of coupled ODEs (1) and (2).
- Lgata minimizes the error between predicted and experimental voltage data.
- Lic/bc satisfies the initial and boundary conditions.

For reproducibility, the PINN architecture employed in this study consists of a fully connected feed-forward neural
network with four hidden layers, each containing 50 neurons. The hyperbolic tangent activation function (tanh) is used to
ensure the smoothness required to calculate higher-order derivatives in the physics residual. The network is trained for

5,000 epochs using the Adam optimizer with an initial learning rate of 1 x 103 and a weight decay of 1 x 10'5.Training
was conducted on a standard workstation, with a total computational cost of approximately 12 minutes for parameter
convergence.

The hybrid Long Short-Term Memory (LSTM)-PINN models are also used for modeling the long-term temporal
dependencies of the stochastic vibrations, like the data for the health of the bridges. The proposed models show
approximately 50% reduction in mean squared error compared to the standard LSTM networks [8].
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Results And Discussion

Linear baseline performance

Figure 1: Linear Frequency Response
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FIGURE 1: Linear Frequency Response of the Piezoelectric Energy Harvester

This figure shows the frequency response of the linear piezoelectric energy harvester obtained through numerical simulation. A
distinct resonance peak is observed at approximately 63.6 Hz, which closely matches the theoretical natural frequency of the
system. The result confirms the validity of the coupled electromechanical model and demonstrates that maximum power output
occurs at resonance due to optimal energy transfer.

As shown in Figure 7, the linear system exhibits a strong resonant peak near its natural frequency. The linear system
shows a strong resonant peak at the resonant frequency of 63.6 Hz. To validate the numerical simulation, the theoretical
natural frequency was calculated as:

1
fo= g\/k/m ~ 63.66 Hz (13)

which matches the simulated result with an error of less than 0.1%.
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Nonlinear STB performance

Figure 2: Bistable Phase Portrait (STB)
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FIGURE 2: Phase Portrait of the Nonlinear Bistable Energy Harvester

This figure shows the phase portrait of the nonlinear bistable piezoelectric energy harvester under low-frequency excitation. The
trajectory demonstrates inter-well oscillations caused by the snap-through buckling (STB) mechanism. Unlike linear systems, the
motion spans multiple stable equilibria, resulting in enhanced energy harvesting through high-velocity transitions and broadband
response.

The phase portrait shown in Figure 2 illustrates strong nonlinear inter-well oscillations. Unlike linear systems that vibrate
around a single equilibrium point, the STB system undergoes snap-through transitions between two stable states. This
behavior enhances energy harvesting through high-velocity transitions.

At a low excitation frequency of 0.8 Hz, the STB harvester produced 4.0 mW of power, demonstrating effective frequency
up-conversion.

Comparative analysis of architectures

The comparative performance of different harvester architectures is summarized in Table 2.
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Architecture Excitation Source Power Output Key Finding

Linear Cantilever Resonant (63.6 Hz) 70.89 pW Optimum at matched load (1
MQ). Narrow bandwidth

Bistable (STB) Harmonic (0.8 Hz) 4.0 mW 170% bandwidth broadening
by snapthrough

Hybrid STB + Magnetic Stochastic (4.5 m/s2) 12.0 mW 118% efficiency gain over

coupling conventional linear designs

Shoe-Based (BSC) Human Gait (1 Hz) 9.9 mW Frequency upconversion to 18

Hz via plucking mechanism [6]

Knee Harvester Biomechanical 12.95 mW Efficiently scavenges the
negative work produced by

muscles [7]

TABLE 2: Performance Comparison of Linear and Nonlinear Energy Harvesters

BSC, Biomechanical Shoe Converter; STB, Snap-Through Buckling

Table 2 clearly supports that, in contrast to linear harvester designs that are only efficient at resonant frequencies, the
nonlinear and hybrid structures perform best in real-world low frequency environments.

Model validation
In this paper, computational model validation is performed through analytical comparison and literature-based

benchmarking. The analytically calculated natural frequency f,, = %\/% ~ 63.66 Hz closely matches the simulated
peak at 63.6 Hz (Figure 7), with an error below 0.1%, verifying the accuracy of the numerical operation. The simulated
linear power output of 70.89 pW is consistent with the experimental values shown in [2]. In the same way, the nonlinear
bistable system yields 4.0 mW at 0.8 Hz, consistent with experimental observations in [5,6], validating improved low-
frequency operation and bandwidth increase. The observed trends, consisting of sharp resonance in linear systems and
broadband outputs in bistable systems, are consistent with verified literature. Small-scale deviations may be caused by
idealized assumptions, parameter uncertainties, and numerical approximations. Overall, the strong agreement between
analytical, numerical, and experimental results validates the advanced electromechanical framework. This validation
demonstrates the reliability of the proposed coupled electromechanical model for practical energy harvesting
applications.

To quantify the accuracy of the proposed models, error metrics were calculated against the analytical benchmarks. For
the linear model, the root mean square error for voltage prediction was 0.024 V, with a mean absolute error (MAE) of
0.018 V and a relative percentage error in resonant frequency of only 0.09%. The nonlinear STB model exhibited an MAE
of 0.15 mW in power prediction, maintaining physical consistency even during high-velocity snap-through transients.

The comparison between simulation results and reported literature values is summarized in Table 3.
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Parameter Simulation Literature
Natural Frequency 63.6 Hz 63.66 Hz
Linear Power Output 70.89 yW ~50-100 pW
STB Power Output 4.0 mW 3-10 mW

TABLE 3: Validation of Simulation Results with Published Literature
STB, Snap-Through Buckling

PINN parameter identification

Parameter Identifiability: Consider the mechanical residual of the coupled system

R(t;c,0) = mé& + c& + kx + 0V + mis(t). (14)
Assume two parameter sets (c1, 01) and (cz, 8) satisfy

R(t;c1,61) = R(t;c0,02) =0 V.
Subtracting yields
(c1—c2)z+ (01 —02)V =0 Vi (15)
Under broadband excitation or snap-through dynamics, () and V (¢) are linearly independent, implying
cp=cg, 01=0,.

Hence, the inverse problem is identifiable, supporting the applicability of PINNs for robust parameter estimation.

The PINN framework was evaluated on experimentally measured data obtained for the Pershagen Bridge case in Sweden
[1]. The bridge case applies PVDF harvesters tuned between 6 Hz and 20 Hz.

Result: The PINN correctly identified the damping coefficient ¢ and coupling coefficient @ parameters from the noisy
voltage signal.

Accuracy: With respect to the benchmark solution, PINN-based identification reduced the MAE by over 90% in
comparison to its linear regression-based counterpart, thus proving to be very robust for applications such as digital
twins in structural health monitoring.

Practical significance and implementation

The fabrication feasibility of the proposed PEH is high, utilizing standard Micro-Electro-Mechanical Systems processes for
piezoelectric PZT or PVDF thin films. However, real-world deployment faces challenges such as material fatigue under
cyclic snap-through stress and the need for ultra-low-power power management circuits (ASICs) to handle intermittent
energy flows. While PINN-based optimization adds a computational cost during the design phase (approximately 12 min),
it significantly reduces the need for expensive trial-and-error prototyping. For practical loT deployment, these harvesters
can be integrated with Long Range Wide Area Network or Bluetooth Low Energy nodes to create truly maintenance-free,
"install-and-forget" sensing networks for structural health monitoring.
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Conclusions

A coupled ODE model together with optimization using PINNs forms a unified framework, which is a powerful tool for
early-stage PEH design. While linear models identify the initial optimal loads, they are not sufficient in the stochastic, low-
frequency environment typical of loT applications. Nonlinear STB mechanisms are necessary for energy capture in such
regimes, showing a 170% increase in bandwidth compared to linear baselines. It also allows the integration of scientific
machine learning (PINNs), which provides a robust method for parameter identification and enables the creation of
accurate digital twin models. Future work will focus on the hardware-in-the-loop validation of the LSTM-PINN
architecture for real-time bridge health monitoring systems.
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