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Abstract

The three-body gravitational problem is a canonical benchmark for chaotic dynamical systems, admitting no general
closed-form solution and exhibiting sensitive dependence on initial conditions. We present a controlled comparative
benchmark of four neural network architectures - a Deep Neural Network (DNN), a Physics-Informed Neural Network
(PINN), a Hamiltonian Neural Network (HNN), and a Lagrangian Neural Network (LNN) - for trajectory prediction in the
planar equal-mass three-body problem. All models are trained on 1,000 high-precision trajectories generated using the
DOP853 integrator and evaluated on trajectory accuracy, long-horizon generalisation, and energy conservation. To the
best of our knowledge, this is the first systematic evaluation of HNNs and LNNs as trajectory predictors for the
gravitational three-body problem. The DNN achieves the lowest in-horizon error (mean absolute error: 0.3166), while the
LNN surpasses all models in long-horizon generalisation and energy conservation. The PINN achieves the best ordinary
differential equation compliance but the worst trajectory accuracy, demonstrating the challenge of loss balancing in
chaotic systems. These results, obtained under deliberately controlled but limited conditions (1,000 trajectories, equal-
mass planar case), provide initial evidence that Lagrangian structural bias offers a measurable advantage for this
benchmark, motivating larger-scale evaluation as a next step.
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Introduction

The three-body problem - the prediction of the trajectories of three mutually gravitating bodies from their initial
conditions - has resisted closed-form analytical resolution since Newton implicitly posed it in 1687 [1]. Euler [2] and
Lagrange [3] identified special equilibrium configurations, and Poincaré's 1890 memoir [4] established the problem as a
paradigmatic example of chaos: arbitrarily small perturbations produce exponentially diverging trajectories. Sundman's
[5] convergent power-series solution is computationally impractical because of its slow convergence. Moore [6] and
Chenciner and Montgomery [7] later demonstrated richer periodic solutions, although the general problem remains
intractable.

Breen et al. [8] demonstrated that a feedforward Deep Neural Network (DNN) can predict three-body outcomes up to 10°
times faster than traditional integrators while maintaining comparable short-horizon accuracy. The sensitivity of such
trajectories to initial conditions is characterised by positive Lyapunov exponents [9]. Ground-truth trajectories in this work
are generated using the DOP853 integrator [10]. Physics-Informed Neural Networks (PINNs) embed governing differential
equations as a soft loss penalty [11], whereas Hamiltonian Neural Networks (HNNs) [12] and Lagrangian Neural Networks
(LNNs) [13] encode Hamiltonian or Lagrangian mechanics directly into the network architecture, guaranteeing energy
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conservation by construction. Physics-informed approaches have been broadly reviewed in the literature [14]. Symplectic
and graph-based architectures [15-22] offer related guarantees at greater complexity. Reservoir computing approaches
have demonstrated model-free prediction of chaotic attractors [23,24]. Santos Pereira et al. [25] applied a Physics-
Informed ResNet to the three-body problem, achieving far lower Ordinary Differential Equation (ODE) residuals than a
plain DNN but at the cost of trajectory accuracy, building on the residual-connection architecture of He et al. [26] and early
neural-network-based solvers for differential equations [27]. Boekholt et al!s [28] Brutus integrator provides the high-
precision ground truth on which this line of work is trained and validated. Choudhary et al. [29] demonstrated that HNNs
can function in the chaotic Hénon-Heiles system.

Machine learning has also been applied to closely related three-body and hierarchical triple prediction tasks over the past
three years, indicating that this remains an actively developing area rather than a settled one. Lalande and Trani [30]
trained a convolutional neural network to classify the long-term dynamical stability of hierarchical triple systems,
outperforming classical semi-analytic stability criteria. Li et al. [31] used machine learning to classify capture into, or
escape from, mean-motion resonances in the restricted three-body problem and, separately, introduced a large-step
neural network that learns a symplectic, structure-preserving map of the dynamics directly, permitting much larger
integration steps than a conventional integrator [32]. Vynatheya et al. [33] combined a generalised algebraic Hill-stability
criterion with a machine-learning classifier for hierarchical triple-star stability, benchmarking directly against the
Mardling-Aarseth criterion, while Georgakarakos et al. [34] cross-validated new empirical circumbinary-planet stability
formulae using a machine-learning model against real Kepler- and TESS-discovered systems. Attia and Sibony [35] most
recently combined a modified secular code with a systematic exploration of a seven-dimensional parameter space of
hierarchical triple black-hole systems. Transformer-based self-attention has likewise been extended beyond trajectory
prediction to the certification of the global stability of dynamical systems through symbolic Lyapunov-function discovery
[36], and classical variational periodic-orbit methods have recently been hybridised with evolutionary and stochastic
optimisation techniques [37].

Despite this body of work, HNNs and LNNs have not been systematically benchmarked on the full planar three-body
problem: the original HNN paper [12] included only preliminary experiments, LNNs [13] have not been evaluated on
gravitational systems, and Santos Pereira et al. [25] explicitly identified both as open directions for future work. Learned
three-body prediction is itself a broader family of approaches than any single paper has tested together: plain
feedforward networks [8], residual physics-informed variants [25], graph-based simulators that generalise across particle
counts at the cost of any conservation guarantee [22], and symbolic-regression methods that recover closed-form force
laws from trained networks [38] each occupy a different point on the accuracy-conservation-generalisation trade-off.
More recently, transformer-based self-attention architectures have been applied to post-Newtonian three-body trajectory
prediction, reporting state-of-the-art accuracy for relativistic corrections [39], although they have not yet been evaluated
within a Newtonian, conservation-law-controlled comparison of the kind performed here.

Notably, none of the seven most recent machine-learning contributions to three-body and hierarchical-triple prediction
[30-36] targets the specific comparison performed in this paper. Four address classification rather than trajectory-
prediction tasks: Lalande and Trani [30], Vynatheya et al. [33], and Georgakarakos et al. [34] predict a binary or scalar
stability outcome from orbital parameters rather than a full state trajectory, while Li et al. [31] classified resonance capture
rather than rolling out dynamics. Li et al. [32] and Ciccarelli et al. [37] preserve structure (symplectic or variational) but do
so for map learning and periodic-orbit discovery, respectively, neither of which is evaluated against a Hamiltonian- or
Lagrangian energy-conservation baseline. Attia and Sibony [35] explore a parameter space using a secular-plus-learned
hybrid rather than a first-principles neural architecture, and Alfarano et al. [36] apply self-attention to certifying stability in
general dynamical systems, not to gravitational trajectory rollout. Consequently, even accounting for this recent activity,
no prior work has compared four architectures, DNN, PINN, HNN, and LNN, using identical training data, an identical
evaluation protocol, and a matched parameter count where architecturally possible. This paper closes that gap with the
first controlled, quantitative comparison of these four models under a unified evaluation framework.
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Materials And Methods

Problem and dataset

We consider the planar equal-mass three-body problem with unit masses mi; = my = mg3 = 1 and gravitational
constant G = 1, following the approach of Breen et al. [8] and Santos Pereira et al. [25]. The equations of motion for each
bodys € 1,2, 3 are as follows:

.. r'_r‘ .
; =23713, i€ {1,2,3}

i |rj —r

where r; € R3 is the position vector of body %, and the double dot denotes the second derivative with respect to time ¢
. The denominator |r; — 7|3 encodes the inverse-square gravitational force law; the singularity as |rj —r;| — 0
corresponds to close-encounter events and is the primary source of numerical and learned-model difficulty.

Under the planar constraint (all y-coordinates fixed to zero), the full system state at time ¢ is the 12-dimensional vector:
P T S S 12
S(t) = (1’1, 2192y 22y L3y 23y L19219L2y22,T3, Z3) eR

where ; and z; are the planar coordinates of body , and &; and 2; are the corresponding velocities. The total mechanical
energy of the system, used as the ground-truth conservation quantity throughout the evaluation, is

1< 1
H=>) |&5" - —
2 ; 15;53 i — ]

where the first term is the total kinetic energy and the second term is the Newtonian gravitational potential energy
between each pair of bodies.

Dataset generation

The dataset follows the initial condition sampling algorithm described above. Body 1 is fixed at position (1, 0, 0). Body 2 is
placed by sampling an angle § ~ U(0,m/2) and a scale s, drawn uniformly between 0 and 1, with components x, = —s -

min(0.5, cosB) and z, = s - sin6. Body 3 is determined by the centre-of-mass constraint ps = —(p1 + P2), which fixes the

total centre of mass at the origin. All initial velocities are zero.

Ground-truth trajectories are generated using SciPy's solve_ivp routine with the DOP853 eighth-order Dormand-Prince

Runge-Kutta integrator, configured with relative tolerance rtol = 10_8, absolute tolerance atol = 10_10, and a maximum
step size of 0.01 to prevent stalling during stiff close-encounter events. Each trajectory spans fromt = 0tot = 10 and is
sampled at 129 uniformly spaced output points, yielding a time step of At ~ 0.078. The dataset was generated with a
fixed random seed of 42 for full reproducibility and stored in compressed NumPy format (.npz) with arrays t (shape 129), Y
(shape 1,000 x 129 x 18), Y0 (shape 1,000 x 18), and failed_indices [40]. Initial conditions that cause the integrator to fail -

primarily near-collision configurations - are discarded. The final dataset comprises 1,000 successfully integrated
trajectories, split 80/10/10 into training (800), validation (100), and test (100) sets. Although only 12 of these variables are
dynamically independent under the planar constraint, the archived arrays retain the full three-dimensional ambient
representation (9 positions and 9 velocities, with all y-components identically zero) for compatibility with the general-
purpose numerical integrator. Downstream models operate on the reduced 12-dimensional planar state.

Model architectures

All four models share a unified training protocol: the Adam optimiser [41] with a learning rate of 10~ and weight decay of
107°, a ReduceLRONPlateau scheduler (decay factor 0.5 upon validation plateau), a batch size of 2,048, and a maximum of
2,000 training epochs. All experiments were conducted using a fixed random seed.

Deep Neural Network
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The DNN is a 10-layer multilayer perceptron (128 units per layer, ReLU activations) following Breen et al. [8]. The input is a
7-dimensional vector of initial positions (z1,21,z2,22,x3,23) and a scalar query time t,; the output is the 12-
dimensional state s (¢,) predicted directly (non-autoregressively). The training loss is

1 .
Lpnn = N Z 18(tn) — s(ta) |,
n=1

where § (t,) is the predicted state, s (t,) is the ground-truth state, and N is the number of training samples. Total
parameters: 149,636.

Physics-Informed Neural Network

The PINN is a 5-block residual network (128 units, ReLU) following the PI-ResNet design of Santos Pereira et al. [25]. The
total training loss combines a data term and a physics residual term evaluated at 10,000 collocation points per batch:

LpmN = Ldata + Aphys * Lphysy Aphys = 0.1

where Lppys is the mean absolute error (MAE) on labelled trajectory states, Lphys is the mean squared ODE residual (the
discrepancy between the network's predicted accelerations and the gravitational accelerations implied by its predicted
positions via Newton's law), and Apnys is a fixed physics loss weight. Gradient-norm clipping is applied to manage loss-
landscape volatility in chaotic regions. Total parameters: 166,148.

Hamiltonian Neural Network

The HNN has a separable Hamiltonian decomposition, following Greydanus et al. [12]. The network takes the full planar
state (g,p) € R12 - positions and momenta (equal to velocities under unit masses) - and outputs a learned scalar

H (g, p). Equations of motion are derived entirely via automatic differentiation through Hamilton's canonical equations:

=08 . _ oH

where g and pg denote the k-th generalised coordinate and conjugate momentum, respectively. The quantity His
exactly conserved along every predicted trajectory by construction. The training loss is

LENN = Aderiv * Lderiv + AH * LH + Asup * Leup

where Lgeriv is the MSE between the canonical equations' predictions and the observed time derivatives § (t,,); La

penalises deviation of H from the analytically computed total energy; Lgyp provides direct Hamiltonian supervision; and
Aderiv = AH = Asyp = 0.1. Architecture: separable subnetwork (3 layers x 64 units, tanh) embedded in a wrapper (6
layers x 256 units, tanh). Trajectory rollout uses fourth-order Runge-Kutta (RK4) integration of the learned canonical vector

field JV H. Total parameters: 348,422,
Lagrangian Neural Network

The LNN follows Cranmer et al. [13] with a separable Lagrangian decomposition. The network takes generalised

coordinates and velocities (g,q) € R!2 and outputs a learned scalar f/(q, ). Generalised accelerations are obtained by
solving the Euler-Lagrange equations differentiably:

oL 8L
i— M -1 | 9% .
g (2,9) [ 97~ 9i0q q]
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where M(q,q) = gT’.:: is the mass matrix - the Hessian of the learned Lagrangian with respect to generalised velocities -

computed via second-order automatic differentiation using PyTorch's torch.func.hessian and torch.funcjacrev. The
training loss is

£LN'N = Aphys * ACacc + AEL ‘ L:EL + Ala.g * AClag

where L. is the MSE between Euler-Lagrange-predicted and ground-truth accelerations; Lgg, penalises violations of the
Euler-Lagrange equations at training states; Ly, provides direct Lagrangian supervision; and Appys = 0.1, Agr, = 0.01,
and Ag = 0.1. The architecture is identical to that of the HNN (3 x 64 tanh subnetwork + 6 x 256 tanh
wrapper), enabling a controlled equal-capacity comparison. Rollout uses RK4 integration of the Euler-Lagrange
accelerations. The total number of trainable parameters is 348,422.

Evaluation metrics

Tier A (All Models)

The primary trajectory-accuracy metrics are the MAE and root mean squared error (RMSE) computed on the 12-
dimensional state vector over the full rollout horizon. The relative rollout error (RR) normalises trajectory deviation by the
magnitude of the true state, providing a chaos-robust metric:

I15(2) — s(®)||
Is@

Long-horizon rollout error is evaluated at T* = 15 (50% beyond the training horizon of T' = 10), with ground truth
extended by re-running DOP853 on the same initial conditions. Energy drift is measured as

RR(t) =

AE = max [H(3(t) — H((0))]

where His the analytical three-body energy formula applied to the predicted state.
Tier B (Model-Specific)

The ODE residual measures how closely each model's predicted states satisfy the three-body equations of motion,
regardless of the ground-truth proximity. For the LNN, the Euler-Lagrange residual and acceleration MSE are additionally
reported. For the HNN, the Hamiltonian vector-field residual and Hamiltonian MSE are reported.

Results And Discussion

Experimental setup

All experiments were implemented in Python (3.12.6) using PyTorch (2.0+) as the primary deep-learning framework.
Dataset generation and numerical integration used SciPy (1.9+) [10] and NumPy (1.23+). Experiments were run on a
system equipped with an NVIDIA RTX 3060 GPU (12 GB VRAM), an AMD Ryzen 7 7445HS processor, and 16 GB of system
RAM. The second-order automatic differentiation required by the LNN was computed using PyTorch's torch.func.hessian
and torch.func.jacrev APIs, which necessitated GPU acceleration to remain tractable. All four models were trained under
the unified protocol described in the Model Architectures section (Adam optimiser, learning rate 1073, weight decay = 107,
batch size 2,048, up to 2,000 epochs). Model checkpoints were saved as PyTorch state dictionaries alongside config.json
files recording all hyperparameters, enabling full reproducibility. The dataset and source code are publicly available (see
Data Availability).

In-horizon trajectory accuracy

The DNN achieves the lowest in-horizon error across all metrics (MAE: 0.3166, RMSE: 1.2463, relative RR: 0.4555),
confirming the findings of Breen et al. [8] even on the smaller 1,000-trajectory dataset. As shown in Table 7, error
distributions are strongly right-skewed across all models; medians are well below means, indicating that a small subset of
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difficult near-collision trajectories dominates the mean [9]. The DNN's trajectory predictions, shown in Figure 7,
demonstrate close correspondence with the DOP853 ground truth across diverse trajectory types, ranging from tightly
bound configurations (Trajectory 99) to weakly interacting systems (Trajectory 166).

The LNN ranks second on all accuracy metrics (MAE: 0.3929), marginally outperforming the HNN (MAE: 0.4016) at identical
parameter counts (348,422). The PINN ranks last on every accuracy metric (Table 7): its mean rollout error of 0.9530
approaches 1.0, showing that the physics loss (A = 0.1, evaluated at 10,000 collocation points per batch) dominated
training at the expense of trajectory-fitting accuracy. This contrasts with Pereira et al. [25], who reported that a physics-
informed residual network achieved a mean-squared ODE residual of 3.29 x 10”7 compared with 3.0 x 107 for their non-
physics-informed baseline, representing roughly five orders of magnitude of improvement, while the data-fitting MAE was
only marginally worse for the physics-informed variant (0.252 vs. 0.243) on a 30,000-trajectory dataset. Our PINN shows
the same qualitative trend, namely substantially improved ODE residuals (2.44 vs. 35.29 for the DNN) at the cost of data
accuracy, but the cost is considerably larger in our controlled, smaller (1,000-trajectory) setting (MAE: 0.585 vs. 0.317 for
the DNN, an 85% relative increase, compared with Pereira et al's [25] approximately 4% increase). This is consistent with
the loss-balancing problem being sensitive to training-set scale: with an order of magnitude less data, the physics-residual
term appears to dominate optimisation more severely, amplifying rather than contradicting Pereira et al's [25] findings.

Long-horizon generalisation and energy conservation

The long-horizon evaluation (7* = 15, 50% beyond the training horizon of 7= 10) produces the benchmark's most striking
result, as summarised in Table 2. The LNN achieves the best mean (1.0842) and median (0.9199) long-horizon errors,
narrowly surpassing the DNN (1.0866 and 0.9468, respectively), which led all in-horizon metrics. Within the scope of this
benchmark, these results provide evidence that the Euler-Lagrange inductive bias confers a genuine generalisation
advantage on the three-body problem. The LNN and HNN trajectory predictions are shown in Figures 2-3, respectively; the
LNN visually retains qualitatively correct orbital structure further into the rollout horizon than the HNN.

The HNN's long-horizon performance (1.2560) is comparable to that of the PINN (1.2392) despite enforcing exact

conservation of its learned Hamiltonian, H.Because H only approximates the true energy £, the gap between the two
remains large near close-encounter singularities. The PINN's trajectory predictions (Figure 4) show visible divergence from
the ground truth across multiple test trajectories, consistent with its high rollout error. The LNN achieves the best median
energy drift (29.17) and the second-lowest mean ODE residual (4.90), confirming that Lagrangian structural constraints
provide the best overall balance between physical fidelity and trajectory accuracy (Table 2). The PINN achieves the lowest
ODE residual (mean: 2.44, median: 2.30), confirming effective physics enforcement, but incurs a consistent accuracy
penalty on every Tier A metric, providing a direct demonstration of the loss-balancing problem in chaotic systems
identified by Pereira et al. [25] and Karniadakis et al. [14].

Figure 5 shows the mean absolute energy error over time for all four models across the test set, presented on both linear
and logarithmic scales. All models exhibit similar baseline energy-conservation behaviour during the non-encounter
phases of the trajectories, with sharp spikes in energy error coinciding with close-encounter events, the gravitational
singularities that dominate prediction error across all architectures. On the logarithmic scale, the LNN and HNN show
marginally lower energy-error floors between encounter events, consistent with their architectural conservation
properties, whereas the DNN and PINN show comparatively higher variance throughout.

How to cite this article:

Subramanian M, Shanmugam D B (September 21, 2026) Comparing Physics-Informed and Physics-Enforced Neural

Networks for the Chaotic Three-Body Problem. Cureus J Comput Sci 3 : es44389-026-00285-7. DOI
https://doi.org/10.7759/544389-026-00285-7 Page 6 of 15


javascript:void(0)
javascript:void(0)
javascript:void(0)
javascript:void(0)
javascript:void(0)
javascript:void(0)
javascript:void(0)
javascript:void(0)
javascript:void(0)
javascript:void(0)
javascript:void(0)
javascript:void(0)
javascript:void(0)
javascript:void(0)

Comparing Physics-Informed and Physics-Enforced Neural Networks for the Chaotic Three-Body Problem

Model MAE Mean MAE Median RMSE Mean RMSE Median RR Mean RR Median
DNN 0.3166 0.1946 1.2463 0.8083 0.4555 0.4502
PINN 0.5852 04517 1.9577 1.4677 0.9530 0.9887
LNN 0.3929 0.2192 1.4308 0.8227 0.6229 0.5994
HNN 0.4016 0.2386 1.4636 0.8498 0.6754 0.6303

TABLE 1: Trajectory accuracy metrics on held-out test set (lower is better)

DNN, Deep Neural Network; HNN, Hamiltonian Neural Network; LNN, Lagrangian Neural Network; MAE, Mean Absolute Error; PINN,
Physics-Informed Neural Network; RMSE, Root Mean Square Error; RR, Relative Rollout

Model LH Mean LH Median E-Drift ODE Res. Mean = ODE Res. Params
(Median) Median

DNN 1.0866 0.9468 30.345 35.291 11.458 149K

PINN 1.2392 1.0821 30.389 2441 2.302 166K

LNN 1.0842 0.9199 29.172 4.902 3.336 348K

HNN 1.2560 1.0443 29.370 14.479 2.526 348K

TABLE 2: Long-horizon error (T* = 15), energy drift (median), and ODE residual (lower is better for all)

DNN, Deep Neural Network; E-Drift, Energy Drift; HNN, Hamiltonian Neural Network; LH, Long Horizon; LNN, Lagrangian Neural
Network; ODE, Ordinary Differential Equation; PINN, Physics-Informed Neural Network

Figures 7-5 show representative trajectory predictions for each model against the DOP853 ground truth, along with the
mean energy drift over time across the test set. Solid lines denote the ground truth, whereas dashed lines denote model
predictions. Colours represent individual bodies.
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DNN Predictions vs Ground Truth
(solid=true, dashed=predicted)
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FIGURE 1: DNN trajectory predictions vs ground truth
DNN, Deep Neural Network
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LNN: Ground Truth vs Prediction (@=start)
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FIGURE 2: LNN trajectory predictions vs ground truth
LNN, Lagrangian Neural Network
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HNN: Ground Truth vs Prediction (o=start)
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FIGURE 3: HNN trajectory predictions vs ground truth

HNN, Hamiltonian Neural Network
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PINN Predictions vs Ground Truth
(solid=true, dashed=predicted)

Trajectory 189

Trajectory 99

Trajectory 955

=== Body 1 (true)
1.00 == Body 1 (pred) 1.00
—— Body 2 (true)
0.75 —= Body 2 (pred) 0.75
= Body 3 (true)
0.50 — = Body3 (pred) 0.50
0.25 0.25
N N
0.00 0.00
-0.25
-0.25
-0.50
-0.50
-0.75
-0.75
10 -05 00 05 10 15
X
-1.0 -05 o.ox 0.5 1.0 Trajectory 166
2
14
05
Trajectory 980 oA
0.2 0.0
N 0.0 N N
-1
-0.2 -0.5
2
-1.0
-3
-10 -05 00 0.5 1.0 15
X

X
FIGURE 4: PINN trajectory predictions vs ground truth
PINN, Physics-Informed Neural Network
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FIGURE 5: Mean absolute energy error over time for all four models (+ std across test set)

DNN, Deep Neural Network; HNN, Hamiltonian Neural Network; LNN, Lagrangian Neural Network; PINN, Physics-Informed Neural
Network
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Discussion

These findings suggest several directions for future work. Training on larger datasets approaching the scale of Pereira et al.
[25] would determine whether the accuracy gap between DNNs and structure-preserving models narrows with additional
data. Sequence-to-sequence architectures [42] offer a natural extension by conditioning each predicted state on prior
trajectory history. Transformer-based architectures [43], which treat each state vector as a token, are particularly
promising; self-attention over trajectory history could appropriately weight recent close-encounter events while
remaining compatible with Hamiltonian or Lagrangian structural constraints.

Limitations

This benchmark has three main limitations. First, the dataset (1,000 trajectories) is an order of magnitude smaller than the
30,000-trajectory dataset used by Pereira et al. [25]; the discussion above suggests that this scale difference explains the
larger PINN accuracy penalty observed here. Second, this benchmark is restricted to the equal-mass planar three-body
problem; none of the four architectures was tested for generalisation across mass ratios, particle counts, or three-
dimensional motion, a limitation that graph-based architectures are specifically designed to address [22]. Third, all
evaluation was performed against DOP853 synthetic ground truth; no comparison with observational or real astronomical
trajectory data was performed.

Conclusions

We presented the first controlled comparison of DNN, PINN, HNN, and LNN on the planar gravitational three-body
problem. The DNN is the strongest in-horizon predictor, whereas the LNN is the best overall model, surpassing the DNN in
long-horizon generalisation and energy conservation while remaining competitive in-horizon - evidence, within this
controlled benchmark, that the Euler-Lagrange inductive bias yields a measurable advantage on this canonical chaotic
system. The PINN produces the most physically consistent predictions (lowest ODE residual) but the worst trajectories,
suggesting that dynamic loss scheduling may be necessary for chaotic systems. The HNN enforces conservation by
construction but does not close the gap with the LNN at equal model capacity, indicating that the Lagrangian formulation
is better suited to gravitational problems at the scales evaluated here. We emphasise that these findings are benchmark-
specific: they establish that the effect is present and measurable under controlled conditions, not that it generalises
beyond the scope tested here. Future work will extend this comparison to datasets approaching the 30,000-trajectory
scale, and to unequal mass ratios and three-dimensional configurations, in order to determine whether the DNN-LNN
trade-off and the LNN's long-horizon advantage persist beyond the narrow setting evaluated in this paper.
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