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Abstract
This paper investigated the propagation of quasi-thermoelastic waves at an incompressible transversely
isotropic solid half-space and the effect of linear thermal expansion. In this material, we have observed
the existence of two waves, quasi-primary wave (qP) and quasi-thermal wave (qT), propagating with
different phase velocities. The reflection of elastic waves at the solid half-space is investigated using
appropriate boundary conditions. The amplitude and energy ratios are calculated based on three different
materials, magnesium, titanium, and thallium. It is found that the phase velocities of the propagated
elastic waves are functions of linear thermal expansions, thermal relaxation time, thermal conductivity,
and specific heat. The phase speed of the elastic waves is found to be high in magnesium as compared to
titanium and thallium. We have observed the effect of coefficients of linear thermal
expansion numerically on the quasi-thermoelastic wave propagation and the reflection coefficients.

Categories: Materials Engineering, Structural Engineering, Mining Engineering
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Introduction
Thermoelastic theory is the combination of elastic and heat conduction equations. Biot [1] developed
thermodynamical deformation as an irreversible process, he presented the general solutions for
thermoelasticity using the Papkovitch-Boussinesq potentials [2]. Lord and Shulman [3] derived the
generalized theory of thermoelasticity, which includes a single relaxation time. Norwood and Warren [4]
analyzed generalized dynamical theory of thermoelasticity extending the problem to include step-time
inputs of strain, temperature, and a stress-free surface. From the study of generalization of classical
thermoelasticity, Green and Lindsay [5] obtained simple, explicit expressions for stress tensor, heat
conduction vector, and entropy in terms of two scalar functions.

The equations of generalized thermoelasticity for an anisotropic medium were derived by Dhaliwal and
Sherief [6], and they obtained the uniqueness equation for an anisotropic medium. Crampin and Taylor
[7,8] studied surface wave propagation in multilayered anisotropic medium, and they applied the results
numerically in an anistropic medium of zinc oxide, silicon, and sapphire. Verma [9,10] analyzed the
dispersion and propagation of elastic waves in fiber-reinforced heat-conducting composite plates modeled
as transversely isotropic media. They demonstrated the particle motions for SH modes and are not
influenced by thermal variations if the propagation occurs along the axis of symmetry. Banerjee and Pao
[11] discussed the phase speeds and attenuation coefficients of the elastic waves in sodium chloride, and
they analyzed slowness and thermoelastic surface waves numerically and graphically for NaF and solid
helium crystals. Chadwick and Sheet [12] studied quasi-longitudinal, quasi-transverse waves, and pure
transverse waves; they obtained numerically the propagation of plane harmonic body waves in a single
crystal of zinc. Sharma and Vashishth [13] and Sharma [14] studied intrinsic attenuation and wave
propagation in the poroelastic and pre-stressed anisotropic medium, and they analyzed the effect of
poroelastic and pre-stressed on the propagation of elastic waves. Keith and Crampin [15] studied seismic
body waves in anisotropic media with reflection and refraction, they compared the results with the
transversely isotropic medium. Sharma [16] investigated the effect of initial stress on the reflection of
plane waves in a general anisotropic medium, and he extended the study to orthotropic materials and
explored the existence of specific phase directions. Itskov and Aksel [17] investigated the admissible
values of elastic constants for incompressible and compressible anisotropic materials, and they also
studied orthotropic and transversely isotropic incompressible as well as isotropically compressible
materials. One of the important subclasses of anisotropic medium is transversely isotropy, which is
isotropy in the plane perpendicular to the axis of symmetry. Ogden and Singh [18] investigated the effect
of rotation and initial stress on surface wave speed in a transversely isotropic medium. The constructive
investigation and derivation of basic equations of elastic waves propagating in the general transversely
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isotropic medium can be found in Payton [19]. Kerner et al. [20] investigated experimentally the
anisotropic clay based on transversely isotropy in the region of South England. The frequency equations of
longitudinal and flexural wave propagation in an anisotropic cylinder of transversely isotropic materials
were derived by Honarvar et al. [21]. Singh and Goyal [22] studied the propagation of waves in a
transversely isotropic microstretch medium, obtaining the reflection and refraction formulas. Chadwick
[23] developed the incompressible transversely isotropic elastic body, and he derived the constitutive
relations and basic equations. Rouze et al. [24] investigated the elastic wave propagation in transversely
isotropic muscle, and they obtained that the phase speed in tissue is greater in magnitude than the normal
transversely isotropy. The propagation of elastic waves in non-local transversely incompressible isotropy
was studied by Singh [25], and he illustrated wave speed in the particular zinc crystal. Lianngenga and
Lalvohbika [26] also discussed the phase speed and reflection coefficients in the transversely isotropy
media. Rogerson [27] investigated the dynamic response of an incompressible transversely isotropic
elastic body to an impulsive line of force. Ogden and Singh [28] presented the effect of initial stress on the
propagation of small amplitude elastic waves in an incompressible transversely isotropic elastic solid.

The propagation of generalized thermoelastic waves in a transversely isotropic medium was studied by
Singh and Sharma [29], and they observed that the modified qT-waves were less affected due to
thermomechanical coupling effects and thermal relaxation time than the modified qL-waves. Verma and
Hasebe [30] obtained the frequency equation of symmetric and antisymmetric modes of vibration in a
transversely isotropic thermoelastic plate. Bijarnia and Singh [31] studied the two-dimensional wave
propagation in a transversely isotropic thermoelastic solid; they observed the existence of quasi-plane
waves. Kumar and Kansal [32] derived the constitutive relations and field equations for anisotropic
generalized thermoelastic diffusion and deduced them for a particular type of transverse isotropy; then
they investigated Lamb wave propagation in the said medium. Kaur and Plata [33,34] studied Rayleigh and
Stoneley wave propagation at the interface of two dissimilar homogeneous transversely isotropic
thermoelastic media with two temperatures and rotation. Singh [35] solved the equations of motion and
heat conduction equation of an incompressible transversely isotropic thermoelastic solid in view of the
Lord and Shulman theory on generalized thermoelasticity, and obtained the secular equation of Rayleigh
wave speed for the thermally insulated case and the isothermal case, while the effect of initial stress was
discussed by Lalawmpuia and Singh [36] in the transversely isotropic thermoelastic materials.

The change in velocity of seismic waves can be used to determine the structure of the earth’s crust [37].
So, the components of velocity and reflection coefficient play an important role in the study of wave
propagation in the interior of earth. The reflection of plane waves due to an incident longitudinal wave at
a plane free fiber-reinforced thermo-elastic half-space has been investigated by Singh and Zorammuana
[38]; they obtained amplitude and energy ratios numerically. The reflection and transmission coefficients
of elastic waves were investigated by Lalvohbika and Singh [39] at a corrugated interface between two
dissimilar nematic elastomer [39] while the same problems in the incompressible transversely isotropic
fiber-reinforced elastic half-spaces were found in [40]. Singh and Tomar [41] obtained amplitude and
energy ratios of various reflected waves in thermo-elastic materials with voids and presented graphically
for a specific model. Singh and Lianngenga [42] and Singh and Chakraborti [43] investigated the reflection
and refraction of elastic waves in the generalized thermoelasticity and micropolar materials respectively,
and they presented the results graphically.

This paper dealt with the investigation of incident qP and qT-waves separately in an incompressible
transverse isotropic thermoelastic solid half-space. Using Payton [19] and Rouze et al. [25], we obtain the
stress-strain relation for incompressible transversely isotropy, and by using Lord and Shulman [3] and
Singh [35], we incorporate thermoelastic theory into the stress-strain relation. We observe the existence
of two waves, qP and qT, propagating with different phase velocities in this material. The incidence quasi-
thermoelastic waves and quasi-secondary waves at an impedance boundary of solid half-space are
investigated, and the phase velocities are observed. The amplitude and energy ratios for reflected waves
are calculated by considering pressure component of the material. These ratios are functions of the angle
of incidence, elastic constants, angular frequency, coefficients of thermal conductivity, increment in
temperature, thermal relaxation time, specific heat, and linear thermal expansions. The phase velocities,
attenuations, amplitude, and energy ratios of the reflected waves due to incident qP/qT-waves are
computed numerically based on transversely isotropic metals: magnesium, titanium, and thallium. The
effect of coefficients of linear thermal expansions on these metals is shown graphically using MATLAB
software (Table 1).
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Symbols Expressions

cij
* Elastic constant

uj Displacement component

T Increment temperature

T0 Reference temperature

τ0 Thermal relaxation time

Ce Specific heat

P Hydrostatic pressure

ρ Density

Ki Coefficient of thermal conductivity

αi Coefficient of linear expansion

dj
0 Displacement vector

A & θ Amplitude constant

v Phase velocity

Ai Attenuation

k Wave number

ω Frequency

pj
0 Propagation vector

Zr
* Amplitude ratio

P* Energy

E0
** Incident energy ratio

Er
** Reflected energy ratio

Er Energy

TABLE 1: Symbols and their expression

Materials And Methods
Basic equations
Based on the equations of motion and heat conduction equation of generalized thermoelasticity obtained
by Lord and Shulman [3], and from Payton [19] and Rouze et al. [25], the incompressible transversely
isotropic material is obtained. Then, by combining the two theories we obtain the incompressible
transversely isotropic materials in -plane, written as [35]
(a) Equation of motion:
\begin{eqnarray}
(c_{11}^{*} u_{1,11})+(c_{13}^{*} + c_{44}^{*}) u_{3,13} + c_{44}^{*}u_{1,33}-\beta_{1}T_{,1} - P_{,1} &=& \rho
\ddot{u}_{1}-----------(1)\label{sec2.1} \\
(c_{44}^{*}u_{3,11})+(c_{13}^{*} + c_{44}^{*}) u_{1,13}+c_{33}^{*}u_{3,33}-\beta_{3}T_{,3} - P_{,3} &=& \rho
\ddot{u}_{3}-----------(2)\label{sec2.2}
\end{eqnarray}
(b) Heat conduction equation:

\begin{eqnarray}K_1 T_{,11}+K_3 T_{,33} - \rho C_e(\dot{T}+\tau_0\ddot{T})=T_0[\beta_1 (\dot{u}_{1,1} +
\tau_0 \ddot{u}_{1,1})+\beta_3 (\dot{u}_{3,3} +\tau_0\ddot{u}_{3,3})]
----(3)\end{eqnarray}
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(c) Incompressibility condition:
\begin{equation}\label{sec2.4}
u_{1,1}+u_{3,3}=0-----------(4)
\end{equation}
where  and . 

Solution of the problem
From Equations (1) and (2), we obtain
\begin{eqnarray}\label{sec3.1}
 c_{44}^\ast(u_{1,333}-u_{3,111})+(c_{11}^\ast -c_{13}^\ast -c_{44}^\ast)u_{1,113}+(c_{13}^\ast +c_{44}^\ast
-c_{33}^\ast)u_{3,133}\nonumber \\
+(\beta_3 - \beta_1)T_{,13}=\rho(\ddot{u}_{1,3} - \ddot{u}_{3,1})----------(5)
\end{eqnarray}
Consider the solution for Equation (3) and Equation (5) as [36,42]
\begin{eqnarray}\label{sec3.2}
 (u_j,T)=(A d_j^0,\theta)\exp\{\imath k(x p_1^0 +z p_3^0-vt)\},~~~~~ j=1,3 ----------(6)
\end{eqnarray}
The direction cosine of wave propagation  in -plane satisfy

\begin{eqnarray}\label{sec3.3}
 (p_1^0)^2 + (p_3^0)^2 =1----------(7)
\end{eqnarray}
Using Equations (6) and (7) into Equations (3) and (5), we obtain
\begin{eqnarray}
(\pi_1 k^2 - \rho \omega^2)A -\pi_2 k \theta &=&0 ----------(8)\label{sec3.4} \\ 
{\rm and}~~~ \pi_3 k A + (\pi_4 k^2-1)\theta &=& 0 ----------(9)\label{sec3.5} 
\end{eqnarray}
where  are the coupling parameters, defined as
\begin{equation}
\pi_1=\frac{c_{44}^{*}(d_3^0 (p_1^0)^3-d_1^0 (p_3^0)^3)-(c_{11}^{*}-c_{13}^{*}-c_{44}^{*}) d_1^0 (p_1^0)^2
p_3^0-(c_{13}^{*}+c_{44}^{*}-c_{33}^{*})d_3^0 p_1^0 (p_3^0)^2}{d_3^0 p_1^0-d_1^0 p_3^0}, \nonumber
\end{equation}
\begin{equation}
\pi_2=\frac{(\beta_3-\beta_1)p_1^0 p_3^0}{d_3^0 p_1-d_1^0 p_3^0},\pi_3=\frac{T_0 (\beta_1 d_1^0 p_1^0 +
\beta_3 d_3^0 p_3^0)(\omega-\imath\tau_0 \omega^2)}{\rho C_e (\imath\omega+\tau_0
\omega^2)},\pi_4=\frac{K_1(p_1^0)^2 + K_3(p_3^0)^2}{\rho C_e (\imath\omega+\tau_0
\omega^2)} \nonumber
\end{equation}
On solving Equations (8) and (9), we obtain 
\begin{eqnarray}
v^2=\frac{a\pm b}{2\rho} ----------(10)\label{sec3.6} 
\end{eqnarray} 

where , , , . The

Equation (10) is a frequency equation for  and  waves bringing all information of the waves
propagation.

The root of Equation (10) represents phase velocities for quasi-primary  and quasi-thermal 
waves at different propagation vectors. It is noted that  and  correspond to

 while  and  correspond to . It is clear that  and  waves are

non-homogeneous waves in the dispersive medium.
In the absence of thermal effect ( ), we obtain the basic equation previously derived by
Kossovich and Moukhomodiarov [44] and phase velocities become [45,46] 
\begin{eqnarray}
v^2={\bf a'}/\rho----------(11)
\end{eqnarray}
where , 

, , . The Equation (11) is

a frequency equation for  and  waves bringing all information of the waves propagation in the
absence of thermal effect.

Reflection of waves and boundary conditions
Consider the plane strain parallel to -plane with -axis as horizontal, and the half-space will be 

. Mathematically, the boundary conditions at the surface (
) can be written as [35]

(i) The normal stress along - axis vanishes at the surface,
\begin{eqnarray}
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t_{33}=-P+(c_{13}^{*}-c_{33}^{*})u_{1,1}-\beta_3 T=0 -----------(12)\label{sec4.1}
\end{eqnarray}
(ii) The tangential stress in -plane vanishes,
\begin{eqnarray}
t_{13}=c_{44}^{*}(u_{1,3}+u_{3,1})=0 ----------(13)\label{sec4.2}
\end{eqnarray}
(iii) The displacement component along -axis is zero,
\begin{eqnarray}
u_1=u_3=0-----------(14)\label{sec4.3}
\end{eqnarray}
Consider the following wave potentials as follows: 
\begin{eqnarray}
&& (u_j,T)_{(qP)} = (d_j^0,\eta_0)A_0\exp(\mathcal{P}_0)+\sum_{r=1}^2 (d_j^r,\eta_r) A_r
\exp(\mathcal{P}_r), \nonumber \\
&& P_{(qP)} = k_0 F^0A_0 \exp(\mathcal{P}_0)+\sum_{r=1}^2 k_r F^r A_r \exp(\mathcal{P}_r)----------
(15)~~\label{sec4.4} \\
&& (u_j,T)_{(qT)} = (d_j^0,\eta_0)A_0\exp(\mathcal{P}_0)+\sum_{r=3}^4 (d_j^r,\eta_r) A_r
\exp(\mathcal{P}_r), \nonumber \\
&& P_{(qT)} = k_0 F^0A_0 \exp(\mathcal{P}_0)+\sum_{r=3}^4 k_r F^r A_r \exp(\mathcal{P}_r)----------
(16)~~ \label{sec4.5}
\end{eqnarray}
where the -superscript and -subscript represent incident waves at the surface, 

, , , 

 

Note that the values of  and  are obtained from the condition, see Equation (4). Inserting Equations
(15)-(16) into given boundary conditions Equations (12)-(14), we have the following system of equations
\begin{eqnarray} 
\sum_{r=1}^4 a_{ir}Z_r^\ast &=& a_{i0},~~~\ i=1,2 ----------(17)\label{sec4.6} 
\end{eqnarray}
where  represents incident -wave,  represents incident -wave and

, ,

, 
Solving Equation (17) through Snell's laws, we obtain the following amplitude ratios
\begin{eqnarray}
&& Z_1^*=\frac{a_{10} a_{22}-a_{20} a_{12}}{\phi_1},~~~Z_2^*=\frac{a_{20} a_{11}-a_{10} a_{21}}{\phi_1},
\nonumber \\
&& Z_3^*=\frac{a_{10} a_{24}-a_{20} a_{14}}{\phi_2},~~~Z_4^*=\frac{a_{20} a_{13}-a_{10} a_{23}}
{\phi_2} \nonumber
\end{eqnarray}
where  and .

Energy partition
The rate of energy distribution due to incident -waves at the surface per unit area is given as
[36,38]:
\begin{eqnarray}
P^*=<t_{33}.\dot{u}_3> + <t_{13}.\dot{u}_1> ----------(18)\label{sec5.1}
\end{eqnarray}
Inserting Equations (12)-(16) into Equation (18), the incident energy for coupled -waves is given
as
\begin{eqnarray}
E_0^{**}=l_0^* \omega k_0 A_0^2 \exp(2\mathcal{P}_0) ----------(19) \label{sec5.2}
\end{eqnarray}
Similarly, the energy due to reflected  and -waves are given by:
\begin{eqnarray}
E_r^{**}=l_r^* \omega k_r A_r^2 \exp(2\mathcal{P}_r) ----------(20)\label{sec5.3}
\end{eqnarray}
where
\begin{eqnarray}
l_0^* &=& \imath[F^0 -\imath(c_{13}^*-c_{33}^*)d_1^0 p_1^0 +\beta_3 \frac{\eta_0}{k_0}] d_3^0 +c_{44}^*
[d_1^0 p_3^0 + d_3^0 p_1^0]d_1^0, \nonumber \\
l_r^* &=& \imath[F^r -\imath(c_{13}^*-c_{33}^*)d_1^r p_1^r +\beta_3 \frac{\eta_r}{k_r}] d_3^r +c_{44}^*
[d_1^r p_3^r + d_3^r p_1^r]d_1^r \nonumber
\end{eqnarray}
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The energy ratio of reflected waves corresponding to incident wave is given as
\begin{equation}
E_r= \frac{l_r^* k_r}{l_0^* k_0} Z_r^{*2}----------(21)
\end{equation}
Note that  and  are the energy ratios due to incident -wave and -wave,
respectively.

Results
We have derived the formulas for the phase velocities (as shown in Equation 10), the amplitude ratios, and
energy ratios for incident  and  waves (as shown in Equations 17 and 21) at the surface of an
incompressible transversely isotropic solid half-space. These obtained results can be analyzed
numerically using the following numerical values for several incompressible transversely isotropic
materials (Table 2) such as magnesium, titanium, and thallium [19], and the values of thermal constants
are given in Table 3.

Parameter Magnesium Titanium Thallium Unit

c11
* 0.592 × 1011 1.62 × 1011 0.408 × 1011 Nm-2

c12
* 0.257 × 1011 0.92 × 1011 0.354 × 1011 Nm-2

c13
* 0.214 × 1011 0.69 × 1011 0.29 × 1011 Nm-2

c33
* 0.614 × 1011 1.81 × 1011 0.528 × 1011 Nm-2

c44
* 0.164 × 1011 0.467 × 1011 0.0726 × 1011 Nm-2

ρ 1738 4500 11850 kg/m3

TABLE 2: Numerical value of elastic constants and density of considered material

Parameter Value Unit

K1 1.24 × 102 Wm-1degree-1

K3 1.34 × 102 Wm-1degree-1

Ce 850 Jkg-1degree-1

T0 296 Kelvin

τ0 0.000001 sec

ω 5 rad/sec

α1 3.04 K-1

α3 1.84 K-1

TABLE 3: Value of thermal constants and frequency

Variation of phase velocity at different materials
In this section, Figure 1 represents velocities for  and -waves for considered materials. The
corresponding attenuation coefficients are calculated as , and their values are
depicted in Figure 2. 
In Figure 1a, velocity  of the considered materials attains its maximum at  and possess the
minimum value at normal and grazing angle. In Figure 1b, the value of  gradually decrease as
increasing incidence angle ( ). From these figures, we see that the velocity of the materials follows the
chronological order: magnesium  titanium  thallium.
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In Figure 2a, the attenuation  show parabolic curves between normal and grazing incidence angle
with maximum values at . In Figure 2b, the attenuation  gradually decreases as increasing . We
observe that magnesium exhibits the highest attenuation values while thallium has the least value. It is
observed that the velocity and attenuation coefficient of elastic wave propagation achieve highest in
magnesium and lowest in thallium, and this result may be useful for manufacturing alloys and electronic
devices.

FIGURE 1: Variation of velocities (a) |v1| and (b) |v2| with (qP) angle of
incidence
Variation of velocities (a) |v1| and (b) |v2| with (qP) angle of incidence

FIGURE 2: Variation of attenuations (a) |A1| and (b) |A2| with |qP| angle
of incidence |θ0|
Variation of attenuations (a) |A1| and (b) |A2| with |qP| angle of incidence |θ0|

Effect of thermal expansions on incident  wave
In this section, Figures 3 to 6 illustrate the variation of amplitude ratios (  and ) and energy
ratios (  and ) against the incident angle  for several materials such as magnesium, titanium,
and thallium, for the incidence of -wave.
In Figure 3, the ratio  attains maximum values around , and the minimum values are
obtained between  to . We obtain the ranges of  is found to be largest in
magnesium and smallest in thallium. Magnesium and titanium attain maximum value of  at 

 \&  while thallium attains at  and .
In Figure 4, the variation of  forms parabolic curves within the intervals  to  and  to . In
Figure 4a and b, the maximum value of  occur at  for magnesium and titanium, while thallium
attains the highest value of  at  when  and  as shown in Figure 4c. The
minimum value of  for the considered materials occurs at the normal, grazing and  angles of
incidence.
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Figure 5 illustrate the variation in the energy ratio , which follows a pattern similar to . The
effects of linear thermal expansion coefficients on  are found similar to the ratio  as shown in
Figure 3. 
In Figure 6, the energy ratios  forms parabolic curves in the region where  does in Figure 4. The
effect of linear thermal expansions coefficient on  are more prominent in the range -  than 
-  for considered materials. The maximum value of  occur at around -  incident angle. 

FIGURE 3: Effect of alpha1 and alpha3 on |Z1| of (a) magnesium, (b)
titanium, and (c) thallium
Effect of alpha1 and alpha3 on |Z1| of (a) magnesium, (b) titanium, and (c) thallium

FIGURE 4: Effect of alpha1 and alpha3 on |Z2| of (a) magnesium, (b)
titanium, and (c) thallium
Effect of alpha1 and alpha3 on |Z2| of (a) magnesium, (b) titanium, and (c) thallium
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FIGURE 5: Effect of alpha1 and alpha3 on |E1| of (a) magnesium, (b)
titanium, and (c) thallium
Effect of alpha1 and alpha3 on |E1| of (a) magnesium, (b) titanium, and (c) thallium

FIGURE 6: Effect of alpha1 and alpha3 on |E2| of (a) magnesium, (b)
titanium, and (c) thallium
Effect of alpha1 and alpha3 on |E2| of (a) magnesium, (b) titanium, and (c) thallium

Effect of thermal expansions for incident  wave
In this section, the variation in amplitude ratios (  and ) and energy ratios (  and ) for
incident -wave is expressed and illustrated in Figures 7-10 for magnesium, titanium, and thallium.
In Figure 7, the amplitude ratio  exhibits a similar pattern to  shown in Figure 3. The maximum
and minimum values of  occur at  and , respectively, when  and . It
is noted that the series of linear thermal expansion effects are in equilibrium at .
In Figure 8, the amplitude ratio  has similar pattern to  as shown in Figure 4. The maximum
value of  is found to attain when  and , while the minimum is found when 

 and . 
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In Figure 9, we observe that the effect of  and  on the energy ratio  for the considered materials,
which are similar to the amplitude ratio  as shown in Figure 7.
As shown in Figure 10, the pattern of the energy ratio  curve resembles the energy ratio  in
Figure 6. The maximum and minimum value of  for the considered materials occurs when 

 and .

FIGURE 7: Effect of alpha1 and alpha3 on |Z3| of (a) magnesium, (b)
titanium, and (c) thallium
Effect of alpha1 and alpha3 on |Z3| of (a) magnesium, (b) titanium, and (c) thallium

FIGURE 8: Effect of alpha1 and alpha3 on |Z4| of (a) magnesium, (b)
titanium, and (c) thallium
Effect of alpha1 and alpha3 on |Z4| of (a) magnesium, (b) titanium, and (c) thallium
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FIGURE 9: Effect of alpha1 and alpha3 on |E3| of (a) magnesium, (b)
titanium, and (c) thallium
Effect of alpha1 and alpha3 on |E3| of (a) magnesium, (b) titanium, and (c) thallium

FIGURE 10: Effect of alpha1 and alpha3 on |E4| of (a) magnesium, (b)
titanium, and (c) thallium
 Effect of alpha1 and alpha3 on |E4| of (a) magnesium, (b) titanium, and (c) thallium

Discussion
Phase velocity at different materials
As we have seen in Figure 1, the phase velocities of two body waves  and  for different
transversely isotropic materials (magnesium, titanium, and thallium) are quite faster than the other
anisotropic materials, zinc oxide, silicon, and sapphire, as shown in [7,8]. It is also seen from Verma [9]
that the two-phase speeds in the considered materials are slower than the fiber-reinforced heat-
conducting composite plate, sodium fluoride [11], the south England clay [20], and transversely isotropic
cobalt cylinder [21]. It is found that the low-density material has highest phase speed among the three
materials, so it is believed that there must be some essential material properties which may affect the
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speed of the elastic waves in the considered materials. The phase speed of Rayleigh, Stoneley, and Lamb
waves in the homogeneous transversely isotropic thermoelastic media were slower than the speed of 
and  waves in the considered three different materials [32-34]. 

The attenuation coefficients  and  in the magnesium, thallium, and titanium are smaller than
the Dolomite rock [14] while  in the three different considered materials is larger than the sandstone
[13]. The attenuation for the Stoneley waves is much larger than  and  of the three considered
materials [33]. It is observed that high-density material has low attenuation. This proves that there exists
an extra property of the considered materials which may affect the speeds of elastic waves propagating in
the three different materials.

Reflected  waves at different materials
Figures 3 and 4 illustrate  and  against incident angle  for the incidence of -wave for
magnesium, titanium, and thallium. As shown in Figure 3, the incident and reflected wave have less
difference in the amplitude for all the considered materials, while for the transversely isotropic
microstretch materials the reflected waves amplitudes nearly drop to zero at the angle  and , as
shown in [22]. The similar nature of  in the considered materials is also found in generalized
micropolar thermoelasticity obtained by Lianngenga and Singh [42] while the smaller corresponding
values are found in [39] and [40]. The amplitude ratio  in Figure 4 is quite similar to the
corresponding ratio in the microstretch materials, with both the reflected waves being smaller than the
incident waves [22]. It is also seen that the  in Figure 3 is quite similar to the corresponding
transversely isotropic materials, while  in Figure 4 is very small compared to the corresponding
transversely isotropic materials, as seen in [26]. 

The energy ratios  and  in Figures 5 and 6 for the three different materials (magnesium,
titanium, and thallium) are larger than the corresponding energy ratios in the transversely isotropic
thermoelastic materials, such as cobalt and zinc [36].

Reflected  wave at different materials
The amplitude ratios  and  for the incidence of -wave for magnesium, titanium, and
thallium in Figures 7 and 8 have larger values as compared to the corresponding ratios in the transversely
isotropic thermoelastic materials of cobalt and zinc [36] and nematic elastomer [39].

The energy ratios  and  in Figures 9 and 10 for the three different materials (magnesium,
titanium, and thallium) are quite smaller than the corresponding energy ratios in the transversely
isotropic thermoelastic materials of cobalt and zinc [36].

Conclusions
We have analyzed the thermoelastic wave propagating in an incompressible transversely isotropic
materials based on the selected materials: magnesium, titanium, and thallium. We obtained the phase
velocity, amplitude, and energy ratios for incidence of  and  waves. Numerically, the results are
expressed graphically to show the effect of linear thermal expansion. The major findings and conclusions
are highlighted below:

(i) The phase velocities, amplitude ratios, and energy ratios are functions of angle of incidence, angular
frequency, coefficients of thermal conductivity, increment in temperature, thermal relaxation time,
specific heat, and linear thermal expansion.
(ii) The parameters,  and , have no remarkable effect on the phase velocity and their corresponding
attenuation.
(iii) The phase velocity of the materials follows the chronological order: magnesium  titanium 
thallium.
(iv) The curves nature of energy ratio  and  are similar for incident  and  waves.
(v) The amplitude ratio ( ) and energy ratio ( ) have equal effect of linear thermal expansion at 

.
(vi) The amplitude and energy ratios have reverse pattern for incident  and  waves.

We have obtained the specific nature of the propagation, amplitude, and energy ratios for magnesium,
titanium, and thallium. The knowledge of amplitude and energy ratios helps in understanding the design
of sensors and detectors using the considered material plates.

Additional Information
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